Beam and jet functions in Soft-Collinear Effective Theory describe collinear initial-and final-state radiation (jets), and enter in factorization theorems for N -jet production, the Higgs pT spectrum, etc. We show that they may directly be calculated as phase-space integrals of QCD splitting functions. At NLO all computations are trivial, as we demonstrate explicitly for the beam function, the transverse-momentum-dependent beam function, the jet function and the fragmenting jet function. This approach also highlights the role of crossing symmetry in these calculations. At NNLO we reproduce the quark jet function and calculate the fragmenting quark jet function for the first time. Here we use two methods: a direct phase-space integration and a reduction to master integrals which are computed using differential equations.
Here H contains the tree-level partonic process plus short-distance virtual corrections and S describes soft radiation effects. The phase-space is denoted by dΦ N +X , the trace is over color configurations, and the dependence on the partonic process is labelled by κ. Whereas H and S depend on the full partonic process (including color configuration), each beam function only depends on the flavor κ a,b of the colliding parton and each jet function only on the parton κ J that initiates the jet. The convolution between the soft function and the beam and jet functions arises because measurements typically constrain the "sum" of collinear and soft radiation. 2 . It enables resummation by separating the cross section into contributions involving a single scale. This is accomplished by evaluating each object ( H, S, B, J) at its natural scale and evolving it to some common scale using the renormalization group evolution. The order at which the resummation can be carried out is limited by the order at which each of the ingredients is known.
We can also analyze the process described by Eq. (1) using the universality of collinear limits of QCD amplitudes [9] [10] [11] (we will need the collinear limits of tree-level and one-loop [12] [13] [14] [15] [16] [17] [18] amplitudes as well as the triplecollinear limits of tree-level amplitudes [19, 20] ). The contribution to the cross section in Eq. (1) from the treelevel process plus real and virtual corrections collinear to one specific jet J, can be written as 
Here σ (0) κ is the tree-level partonic cross section, f is a PDF, σ c m,κ c is the κ J → κ c splitting function (apart from an overall factor) where κ c consists of m partons, dΦ c m is the m-body collinear phase-space and S κ c is a symmetry factor. The first line of Eq. (2) thus contains the treelevel cross section, producing the parton κ J that initiates a jet. The second line describes the collinear radiation produced by κ J that builds up this jet. A similar equation holds for collinear initial-state radiation.
By comparing the factorized form of the collinear radiation in Eq. (2) to the SCET cross section in Eq. (1), we establish a relationship between the jet function and the splitting functions. To this end, we need the treelevel results tr[ H 
where the invariant mass s of the collinear radiation is measured. Here, n = (1,n),n = (1, −n) withn the jet direction, ξ n is the collinear quark field and P n picks out the large "label" momentum. The Wilson line W n sums longitudinal gluonn · A emissions and is necessary to ensure gauge invariance. In Eq. (3), we are explicitly integrating a gauge-invariant quantity (as long as we restrict ourselves to spin-averaged splitting functions). However, the association of the splitting function with the processindependent diagrams describing one virtual parton splitting into several real ones is only valid in a gauge in which gluons are explicitly transverse (e.g.n · A = 0, for which W n = 1 in Eq. (4)).
The argument underlying Eq. (3) only uses that the collinear approximation is valid for the collinear functions in the factorization theorem. It thus extends to arbitrary beam and jet functions. One example we study in this paper is the fragmenting jet function G h i , which describes the momentum fraction z of an energetic hadron h in a jet. This leads to an additional measurement delta function δ(z −z h ) in Eqs. (3) and (4) compared to the regular jet function. Factorization theorems for processes involving jets can straightforwardly be extended to describe fragmentation as well, by replacing J i → G h i [21] . Even though normal QCD Feynman rules can be used to calculate the jet function from its definition in Eq. (4), it is not so easy for the uninitiated. By contrast, Eq. (3) allows one to obtain the desired result by a straightforward phase-space integral. In practice the calculation involving Eq. (3) is also significantly easier at NLO, as we demonstrate explicitly in Sec. III. However, at NNLO the difficulty will strongly depend on the details of the measurement. In addition to a direct phase-space integration, we also perform a reduction to master integrals which (in the case of the fragmenting jet function) are then computed using differential equations. It turns out that for the (fragmenting) jet function calculation the phase space restrictions are no impediment to the use of well-established techniques, and the fragmenting jet function can be expressed in terms of standard harmonic polylogarithms.
In this paper we will compute the following:
• The jet function J q (s, µ) [4] where the invariant mass s of a quark jet is constrained. We reproduce the known results at NLO [22, 23] in Eq. (14) and NNLO [24] in Eq. (43).
• The fragmenting jet function G h q (s, z, µ) [21] where the momentum fraction z of a hadron h in the jet is also measured. The NLO results of Ref. [25] are reproduced in Eq. (13) and NNLO results are obtained for the first time in Sec. IV F. This agrees with the NNLO fragmentation of a light quark into heavy quarks calculated in Ref. [26] 1 .
• The beam function B q (t, x, µ) [34, 35] describing the dependence on the momentum fraction x and transverse virtuality t of the colliding parton. We rederive the NLO results of Ref. [36] , shown in Eq. (21) . (The NNLO results are now known [37] .)
Beam and jet functions involving more general phase space restrictions (such as jet algorithms) have been considered in phenomenological applications. We will briefly discuss some examples in the conclusions. At NLO their calculation will benefit from the method developed in this paper, though at NNLO it will depend on the details of the observable. In Sec. II, we briefly discuss the renormalization of these objects, as well as their matching onto PDFs (for the beam functions) and fragmentation functions (for the fragmenting jet function). The LO splitting functions are used in Sec. III to perform the NLO calculations of these objects. In Sec. IV this is extended to NNLO for the jet function and fragmenting jet function. We conclude in Sec. V. The definition and properties of plus distributions and harmonic polylogarithms can be found in App. A and App. B, respectively. Intermediate results for the NNLO calculation of the jet function and fragmenting jet function using integral reduction are given in App. C and D and in electronic form accompanying this paper. The IR divergences of the NNLO fragmenting jet function are given in App. E and provide an important cross check.
II. RENORMALIZATION AND MATCHING
We perform our calculations using dimensional regularization, removing UV divergences with the modified minimal subtraction scheme (MS). The J q (s, µ), G h q (s, z, µ) and B q (t, x, µ) have the same renormalization Z Jq [21, 36] 
The TMD beam function B q (x, k 2 ⊥ , µ) is quite different as it has both UV and rapidity divergences. We will use the approach of Refs. [29, 38] to perform the renormalization, to which we refer for further details.
The perturbative calculation of G h q (s, z, µ), B q (t, x, µ) and B q (x, k 2 ⊥ , µ) involves replacing the outgoing hadron h or incoming proton by a parton. (For the beam functions we will denote the incoming parton i by B q/i in our calculations.) The corresponding IR divergences are removed by matching onto fragmentation functions and PDFs,
An important cross check on our calculation is provided by the quark number and momentum sum rules [21, 25, 39] which translate directly to the matching coefficients
Here (and throughout this paper) we remove the spurious factor of 2(2π) 3 in the definition of the fragmenting jet function and matching coefficients in Ref. [21] .
III. BEAM AND JET FUNCTION AT NLO

A. Splitting Function and Phase Space
The real radiation i * → jk in the collinear limit factors off the squared matrix element and is (in MS) given by [40] 
where the LO splitting function is [41, 42] 
Here s ≥ 0 is the time-like virtuality of the initial parton i * (the jet mass) and 0 ≤ z ≤ 1 the momentum fraction of the final parton j. The corresponding collinear phase space for the final-state radiation is given by [40] 
B. (Fragmenting) Jet Function
We obtain the (fragmenting) jet function by combining these pieces and imposing the appropriate final-state measurement. In the fragmenting jet function both s and z are measured, so we just expand
since we now need to average over the colors and spins of an initial gluon rather than quark.
For the triple-collinear splitting functions, the crossing relation reads
with the collinear limit given by p j → z j p i , p k → z k p i . The two-particle collinear phase space is
Note that this cannot be obtained by crossing Eq. (10) . Combining these ingredients we find for q → q * g
The UV and IR divergences are again removed by renormalization and matching onto PDFs. The finite terms of Eqs. (19) and (20) reproduce the matching coefficients I
qq and I
qg calculated in Ref.
[36]
D. TMD Beam Function
We now consider the beam function where instead of the transverse virtuality t, the transverse momentum k ⊥ of the colliding parton is measured. These beam functions have rapidity (light-cone) divergences which may be regularized using e.g. [38, [44] [45] [46] [47] . The regulator in Ref. [47] only affects the phase space and not the amplitude, making it the most suitable for our approach. We will use a slightly modified version of this regulator
where k z is the momentum component along the energetic direction. At one-loop the kinematics are fully constrained by x and t, such that
The rapidity-regulated phase space for the initial state is then given by
where we used that in the collinear limit 2k z = k + + k − = k − + power corrections, and p − is the large lightcone component of the incoming quark. (The rapidity divergence occurs for x → 1, which is unregulated when η = 0.) This leads to
Similarly,
Following the prescription in Ref. [38] , the 1/η and 1/ UV get removed by the (rapidity) renormalization. Subsequently, the 1/ IR cancels in the matching onto PDFs, leaving as matching coefficient
Using the Fourier transforms in Eq. (A5) and adding the contribution of the one-loop soft function, one finds agreement with Eqs. (38) and (39) of Ref. [27] . We note that the soft function S vanishes for the regulator chosen in Ref. [27] . Its contribution is √ S for each beam function (in impact-parameter space) and can be obtained from Eq. (5.62) of Ref. [29] by replacing C A → C F ,
IV. (FRAGMENTING) JET FUNCTION AT NNLO A. Splitting Functions and Phase Space
At two-loop order we have contributions with two real emissions, a real-virtual correction and a purely virtual correction. The latter vanishes again in dimensional regularization. Starting with two real emissions, the collinear phase space for nonidentical particles is given by [48] 
where
with s 123 ≥ 0 the total invariant mass, s ij ≥ the invariant mass of partons i and j and 0 ≤ z i ≤ 1 the momentum fraction of parton i. The collinear part of a squared matrix element factors off and is given by
where the LO splitting functions for q * → ijk are [19, 20] 
2s 12 s 13
2s 13 s 23
The real-virtual contributions have the same two-body phase-space in Eq. (10) and can be written as a correction to the splitting function P
qg (we use the explicit form given in [18] )
B. Calculational Technique
The real-virtual corrections to the (fragmenting) jet function only involve a two particle final state. Their calculation proceeds along the same lines as in Sec. III and is straightforward to carry out. The double real emission contributions are more challenging and have been calculated in two ways. In the direct phase space integration, we start by performing the integration over the invariants s ij in 4 − 2 dimensions using the analytic results in the appendix of Ref. [49] . We carry out the integrals over the momentum fractions by first extracting the sin-gular behavior in the soft/collinear limits, expanding in using the plus distribution expansion in Eq. (A3) and integrating the regularized expressions. Hypergeometric functions are expanded in with the aid of the HypExp and HPL packages [50, 51] . Some additional details are given in Secs. IV C and IV E along with the presentation of the results.
Alternatively, we use the reverse-unitarity approach to phase space integrals [52] [53] [54] [55] to perform a reduction to master integrals for the jet function and the fragmenting jet function integrals separately. We use both FIRE [56] and Reduze [57, 58] for this purpose. For the jet function, the resulting master integrals are obtained by performing the phase space integration for arbitrary . For the fragmenting jet function, we use a combination of direct integration and differential equations [59] [60] [61] [62] [63] [64] [65] to obtain the master integrals. Additional details are provided in Apps. C and D.
C. Bare Jet Function Calculation
In the jet function the total invariant mass s is fixed, the other phase-space variables are integrated over and the contributions from the various channels are summed,
where ij runs over {gg,ūu,dd, . . . } and S ijq is an identical particle factor. We start with Pwhich only has a collinear divergence described by (1 − z 3 ) −1−2 . After expanding this in using Eq. (A3) the remaining integrals are regular,
On the second to last line we suppressed the O( ) terms for brevity, though they are of course necessary to obtain the final expression. For q →we get a contribution equal to Eq. (34), as well as an additional interference contribution described by P (id)
. This interference contribution has neither collinear nor soft divergences in z i , so we may directly expand in
The symmetry factor S= 1/2 for identical quarks cancels against the permutation (2 ↔ 3) inside P (id)
. We will separate the calculation of P ggq by color structure. The C 2 F color structure has two soft divergences z 
where the symmetry factor of 1/2 cancels against the permutation (1 ↔ 2). The calculation of the C F C A color structure is more complicated and is split up into parts (a) -(e) which have different singular structures,
2s 12 s 13 
In the last line we have displayed the analytic result obtained from the reduction to master integrals which agrees with the partially numerical result (a) + · · · + (e) within integration errors. We have kept the labels (a) -(e) throughout to allow one to keep track of the various terms contributing to P
. The first factor for each term shows the singular structure, which we expand using Eq. (A3). For terms (c) through (e) it is convenient to first perform a change of variables:
This cleanly separates the variables in which to perform an expansion in plus distributions. For example, the divergences in term (e) at (a, b) = (0, 1) and (0, −1) would otherwise coincide at (z 1 , z 2 ) = (0, 0). The calculation of the real-virtual corrections follows similar (but simpler) steps:
Adding up Eqs. (34), (35), (36), (37) and (39), we obtain the two-loop contribution to the bare jet function, 
Here we also included all the relevant orders in of the one-loop jet function beyond the finite terms in Eq. (14), and have taken the renormalization of the coupling constant into account
D. Renormalized Jet Function
The final result for the jet function can be obtained from Eq. (40) by expanding s in plus distributions using Eq. (A3) and renormalizing
To obtain the contribution induced by the one-loop renormalization, it is easiest to use Eq. (A4). The remaining O( 0 ) terms give the renormalized jet function 
This reproduces the well-known result of Ref. [24] .
From Z Jq we can calculate the anomalous dimension,
Here we used µ dα s /dµ = −2α s [ + α s β 0 /(4π) + O(α 2 s )], the derivative of plus distributions in Eq. (A6) and the convolution identities in appendix B of Ref. [66] . This expression for γ J is in agreement with Ref. [67] .
E. Bare Fragmenting Jet Function
In the Fragmenting Jet Function we measure both the invariant mass of the jet and the momentum fraction of one of the partons,
where ij runs over {gg,ūu,dd, . . . }. This means doing one integral less than in the jet function case, corresponding to the measured momentum fraction z. Below we give the results in a form regular for both z → 0 and z → 1, which were obtained using the reverse-unitarity approach to phase space integrals. The regularity at z = 0 is not necessary since it never enters in Eq. (6), but it allows an additional check with the corresponding contribution to the bare jet function. For the direct integration approach, we performed the calculation for 0 < z < 1, which simplifies the calculation compared to the jet function by e.g. removing the complication of overlapping singularities in P
. We then turned the result into plus distributions and fixed the coefficient of δ(1 − z) using the quark-number sum rule in Eq. (7).
Starting with P, we first consider the case where the momentum fraction of q orq is measured, 
The harmonic polylogarithms H are defined in App. B, and we have suppressed their argument z for brevity. Measuring the momentum fraction of q leads to
Moving on to P (id)
, the measurement of the momentum fraction ofq yields
When the momentum fraction of a quark is measured, we find
Next we consider the C 2 F color structure in q * → ggq. Measuring the momentum fraction of one of the gluons,
When instead the momentum fraction of the quark is measured, we find
For the C F C A color structure of q * → ggq, when the momentum fraction of one of the gluons is measured, we find
For the momentum fraction of the quark we find
For the real-virtual corrections, we do not need to perform any integrals, but simply expand in . We first consider the case where the momentum fraction z of the quark is measured,
The expression for when the momentum fraction of the gluon is measured instead can be obtained by z → 1 − z.
F. Renormalization and Matching of Fragmenting Jet Function
As stated in Eq. (5), the renormalization of the fragmenting jet function does not depend on the momentum fraction z and is identical to that of the jet function in (42) . The 1/ poles that remain after renormalization are IR divergences, which cancel in the matching in Eq. (6),
We have worked out the second and third term on the right-hand side of Eq. (55) give the two-loop matching coefficients J (2) qi , which are given below. Starting with J (2), we separate its contributions by color structure,
where for later convenience we keep the secondary-quark contribution g
qq separate. The ingredients are given by
The matching coefficient Jthat describes the contribution from the anti-quark fragmentation function (of the same flavor as the quark) has the following form
qq .
The secondary quark contribution g
qq was given above in Eq. (60) . The interference contribution is given by
The contribution involving fragmentation from an (anti)quark of a different flavor q = q is given by
For the matching J qg onto gluon fragmentation functions, we have
We have verified that these results satisfy the quark number and momentum sum rules of Eq. (7), providing an important cross check. In terms of the ingredients above, these sum rules read:
V. DISCUSSION AND CONCLUSION
In this paper, we have pointed out that beam and jet functions in SCET can be calculated by integrating the well-known QCD splitting functions over the appropriate collinear phase space. To demonstrate the utility of this approach, we have first shown that it reduces the computation of NLO beam and jet functions to expansions in , using the (fragmenting) quark jet function and the (TMD) quark beam function as examples. At NNLO, we have calculated the quark fragmenting jet function for the first time. This result is checked by verifying the cancellation of IR poles in the matching onto fragmentation functions and by using sum rules that relate it to the known quark jet function.
More general beam and jet functions than what we have considered in this paper have found applications in phenomenology. Beam functions differential in both the transverse virtuality and the transverse momentum [68] [69] [70] entered in a calculation of the Higgs p T spectrum [68] and a recent event shape study in DIS [71] . The generalization of the fragmenting jet function where both momentum fractions in the double real contribution are measured would for example enter in the description of jet charge at NNLO [72, 73] . In addition, one could study jet functions and beam functions in the presence of a jet algorithm, see e.g. Refs. [74] [75] [76] . Splitting functions in dense QCD matter were calculated in Ref. [77] , and so one could envision including medium effects on jet functions in this way. The approach discussed here is certainly advantageous at NLO, but it will depend on the details of the measurement whether that remains true at NNLO.
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Appendix A: Plus Distributions
The plus distributions are defined as
and satisfy the boundary condition
We will use the following plus distribution expansion
as well as
The transverse momentum plus distributions can be converted to impact-parameter space using the Fourier
The following derivative of plus distributions is useful for calculating the anomalous dimensions
which have the following decomposition into master integrals 
where N is a normalization factor (not equal to N I ). At variance with the jet function, for some integrals subleading coefficients in s 123 /s 1234 remain after reduction and expansion.
The integrals are obtained either by direct integration or by solving the differential equation in z (in some cases order by order in ). The integrals show up multiplied by various powers of z and 1−z. We pull out factors of either z or 1 − z from the integrals such that z −1−a or (1 − z) −1−a can be expanded in distributions using Eq. (A3). The expansion of factors z −1−a is not necessary for the calculation at hand, but it allows us to check that the integral over z reproduces the corresponding contribution to the jet function.
For all the integrals there is an integer m such that (1 − z) m+2 F z→1 − −− → k at arbitrary . The constant can be determined by direct integration in 4 − 2 dimensions (starting for example from the explicit parametrization of the 1 → 4 phase space in Ref. [79] ) in all cases. The analogous statement is not true for z → 0. In almost all cases, the leading behavior at z = 0 was determined from the explicit phase space parametrization. The exception to this is F [1/(s 12 s 13 s 124 )] for which the form with explicit factors of z was determined from the form with explicit factors of 1 − z, using the corresponding contribution to the jet function as additional input.
The normalization of the integrals is the same as that for the jet function, such that e.g. dz F [1] (1) = I 1 . For the integrals which have been determined only to finite order in , we don't display all the required orders below, since the full expressions are contained in a file accompanying this paper.
F [1]
(1) /N I = z − (1 − z) /N I = z − (1 − z) 1−2 1 + 2 3 /N I = z − (1 − z) 1 + z In addition to the two-loop matching coefficient J (2) qi (s, z, µ) that we want to extract, the RHS of Eq. (55) also involves the two-loop fragmentation function and a cross term between the one-loop matching coefficient and the one-loop fragmentation function, which we work out in this appendix. The IR divergences provide an important cross check on our results and the finite terms enter in the determination of the matching coefficients.
In pure dimensional regularization all radiative corrections to the fragmentation function are scaleless and vanish, 
Beyond the tree-level contribution, the renormalized fragmentation function thus only consists of 1/ IR poles,
